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ABSTRACT 
Let Z denote the ring of rational integers, and let SL(n, Z) denote the group of all 
n X n matrices of determinant 1 with entries in Z. Let x denote the n X n Jordan 
unipotent block matrix whose only eigenvalue is 1, and let y denote the transpose of 
x. The matrices x and y are contained in SL(n, Z), and we show that if n > 2 and 
n z 4, they generate Sun, Z). When n = 4, we show that they generate a subgroup 
of index 8 in SL(4, Z). 
INTRODUCTION 
Let Z denote the ring of rational integers, and let SL(n, Z) denote the 
group of all n X n matrices of determinant 1 with entries in Z. SL(n, Z) is 
called the modular group of degree n. Consider the Jordan unipotent n x n 
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matrix x in SL(n,Z): 
‘1 0 0 -0. 0 o\ 
1 1 0 *** 0 0 
r= 0 1 1 *** 0 0. 
. . . . . . 
. . . . . 
6 6 6 ..: ; ; 
Let y denote the transpose of x. It is the purpose of this paper to show that 
x and y generate SL(n, Z), except when n = 4. In the exceptional case when 
n = 4, we shall show that x and y generate a subgroup of index 8 in 
SL(4,Z). This result generalizes an earlier result of the present authors, 
which we briefly recall. For a prime p, let nr denote the natural homomor- 
phism from Sun, Z> onto SL(n, p). We showed in [I] that am and T~( y) 
generate SL(n, p), except when n = 4 and p = 2, in which case n,(x) and 
g2( y) generate a subgroup of index 8 in SL(4,2). The generation theorem of 
this paper implies the earlier result if n # 4. Apart from using the fact that 
~a(~1 and r2(y) g enerate a subgroup isomorphic to the alternating group 
A, in SL(4,2), the proofs in this paper do not rely on those of the earlier 
paper. 
We use induction on n to prove that x and y generate SL(n, Z) for 
n > 6, and the key step of the proof uses the fact that SJ..kn, Z) is perfect. 
The generation result is treated separately for n = 3 and n = 5. When 
n = 4, we show that the subgroup G generated by x and y contains the 
principal congruence subgroup of level 2 [those elements z of SL(4, Z) with 
z = Z mod 23. Consideration of the subgroup of X(4,2) generated by 7~s(x) 
and ~a( y> then leads to the conclusion that G has index 8 in SL(4, Z). 
In the calculations that follow, we use the standard notation [g, h] for the 
commutator g-‘h-lgh. 
1. PRELIMINARY CALCULATIONS 
We begin by recalling some facts relating to elementary matrices and the 
structure of SUn, Z). Given distinct integers i and j with 1 < i, j < n and a 
nonzero integer c, let eij(c) denote the n x n matrix obtained from the 
identity by adjoining an entry equal to c in the (i, j) position. The matrices of 
this form are called elementary matrices. We write eij in place of eijO>. It is 
a basic fact that Sun, Z) is generated by the n(n - 1) elementary matrices 
eij. See, for example, Theorem 1.2.11 of [2]. Thus, when n = 2, we see that 
r and y do indeed generate SL(2,Z>, since x = ear and y = er2. It is a 
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consequence of the elementary relations among the eij that SL(n, Z> is a 
perfect group for n > 3. See, for example, Theorem 1.2.15 of [2]. However, 
SL(2,Z) is not perfect. 
We assume for the remainder of this section that ?z 2 3. Let G be the 
subgroup of SL(n, Z) generated by x and y. Let ul,. . , u, be the standard 
generators (written as column vectors) of the free Z-module Z” of rank n. 
We have 
xu, = u,, xuj =uj +u. J+l, 
yu1 = Ul> yui = ui + Ui_l, 
X+4” = u,, X_‘Uj = uj + u. _l+1 + *** +(-l)% n, 
Y 
-1 
u1 = Ul> y-lUi = Ui - ui_l + *** +( -1)‘~‘U, 
for 1 <j < n - 1 and 2 < i d n. We now set 
u = Fly, 2 = a-‘yu = y-lxyx-ly. 
A straightforward calculation shows that 
n-1 
uui = ui_l, uu1 = Ul - u2 + **- +( -1) U” 
for 2 < i < n. We then deduce that 
zui = a-lyuui = “-lyui_l = aqui_l + Ui_Z) = ui + ui_, 
for 3 < i < n. We also have zus = us and 
2x1 = u1 - 242 + *** +( -1) n-1 Ura. 
Thus z can be written in block matrix form 
1 0 ( 1 c Yl ’ 
where c is the column vector 
and y1 is the (n - 1) X (n - 1) analogue of y. 
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Now let H” denote the subgroup of SL(n, Z) consisting of all matrices of 
the form 
1 0 
( 1 U ff ’ 
where u runs over all elements (in the form of column vectors) in Znpl and 
(Y runs over all elements in SL(n - 1, Z). There is a surjective homomor- 
phism 6 : dn + SL(n - 1, Z) that sends the matrix above to cr. The kernel 
Nn of 13 is a free abelian group of rank n - 1 that is complemented by a 
subgroup isomorphic to SL(n - 1, Z). The complement acts by conjugation 
on 4L as SL(n - 1, Z) acts on the natural module Z”- ‘. It will also be 
convenient to identify &n with the set of all ordered pairs (u, (~1, where 
U E Z”_i, (Y E SL(n - 1, Z), and multiplication is defined on such pairs by 
the rule 
The elements x and z described in the previous paragraph are contained in 
&“, and the main aim of our proof is to show that these two elements 
generate A, when n 2 6. 
We note a property of the element y that will prove useful. 
LEMMA 1. Zf i andj are integers with 1 <j < i < n, we have 
Ypleij(c)ei+l,j(C)Y = ei+l,j(C)ei+l,j+l(C). 
Proof. Given a nonzero integer c, let xjj(c) denote the n X n matrix 
whose only nonzero entry is c in the (i, j> position. Thus eij(c) = Z + xij(c). 
We also write xij for ~~~(1). We have the well-known multiplication rules 
xij(c)x,,(d) = 0 if j f k and xij(c)xjYjk(d) = xik(cd). Since y = Z + x,~ + 
x23 + *-a +x,_~.~ and 
eij(C)ei+l,j(C> = z + xi~(c) + ‘i+l,j(‘)a 
ei+l.j(C)ei+l,j+l(C) = z + xi+l,j(c) + xi+l,j+l(c)~ 
it suffices to verify that 
n-1 
[xij(c) + xi+l,j c ( )I( z + c Xk,k+l 
k=l 
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The verification is an easy consequence of the multiplication rules for the xij. 
n 
We also note, in the next lemma, the structure of the G-submodule of Z” 
generated by a nonzero element. 
LEMMAS. L&u = rlul + *** +r-,,u, be an element of Z”. Then if ri is 
nonzero, the submodule of Z” generated by the elements gu, where g runs 
over the elements of the subgroup G generated by x and y, contains (IrilZ>“. 
In particular, if any coejkient ri is 1, the elements gu generate Z”. 
Proof. Let L be the submodule generated by the gu. As xui = u i + u i + 1 
for 1 < i < n - 1 and xu, = u,, we see that xu - u = rluz + *** +rn_lun 
E L. Continuing this process with this element, we eventually see that 
u = riu,_i+l + *a+ +riu, is in L. Now we form yv - v and iterate this 
process to see that riui E L. Finally, we deduce that L contains all elements 
rjuj by considering the conjugates of riul under the cyclic subgroup gener- 
ated by x. n 
We remark that if r is the greatest common divisor of the ri above, the 
submodule generated by the gu is (r-Z>“. 
THEOREM 1. If n = 3 or n = 5, the elements x and y described in the 
introduction generate SL(n, Z). 
Proof. We consider the case that n = 5 first. Our initial aim is to show 
that the subgroup G of SL(5, Z) generated by x and y contains all elemen- 
tary matrices of the form e,,(2) for i > j. Recall that x and z are elements of 
the subgroups &s, which contains the normal subgroup J$ isomorphic to,Z4. 
Ifwe set 7=x-l z, we calculate that r5 = (u, --I), where u is the column 
vector [4,4,2,6]‘. Then the commutator [x, T’] is the element (u, Z) of J5, 
where u = [ -2, - 2, - 2,0]‘. Lemma 2 shows that the subgroup of MS 
generated by the conjugates of (u, I) under the action of the subgroup 
generated by x and z consists of all elements of the form (w, I), where the 
components of w are arbitrary even integers. In particular we see that 
e,,(2) E G for 2 < i < 5. 
We prove now by induction on j that eij(2> E G for 1 < j < i < 5. This 
is true when j = 1 by our work above. Now as 
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by Lemma 1, the result is clear by induction. Next, we observe that 
(1 0 0 0 0’ 
4 1 0 0 0 
x4= 6 4 10 0. 
4 6 4 1 0 
\l 4 6 4 11 
Since this matrix is expressible as a product of es1 with the powers of the 
eij(2) for i >j, we deduce that es1 E G. Lemma 2 shows that the subgroup 
generated by the conjugates of this element under the action of the subgroup 
generated by x and z is all of Xs. Repeating the previous argument, we see 
that eij E G for j < i. Finally, as x is the transpose of y, G is invariant 
under transposition and hence eji = eij’ is in G for j < i. Therefore, G 
contains all elementary matrices and must equal SL(5, Z). 
The proof when n = 3 is similar, but easier. It uses the fact that if 
r = x-iz, then [x, r3] = ezl( -2). n 
2. GENERATION WHEN n > 6 
Our proof that x and y generate SL(n, Z) when n > 6 is based on the 
following property of the group J;s,. 
LEMMA 3. The group da is perfect when n > 4. 
Proof. We have seen that l;S, contains a normal subgroup JT,, isomor- 
phic to Z”- ‘, and tin/JtT, is isomorphic to SL(n - 1, Z). As we have observed 
that SL(n - 1, Z) is perfect for n > 4, we have J$$d =tin. Thus if we can 
show that JT, <&A, the result will follow. As indicated previously, we write 
the elements of &,, as ordered pairs (u, LY), where u EJ~ and (Y E SL(n - 
1, Z). Now we have 
(u,z)-l(o, a)(u, Z)(O, ci-l = (au - u, I). 
If Ui>. ‘. > u, _ 1 are the standard free generators of JT, and if we take u to be 
ui and CY to be eil for 2 < i < n - 1 in the formula above, we see that 
(ui, I) is a commutator for i > 2. Similarly, if we take u = u2 and (Y = e,2, 
we see that (ul, Z> is also a commutator. This implies that JtT, < z$, as 
required. n 
We may now proceed to the proof of our main result of this paper. 
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THEOREM 2. The elements x and y okscribed in the introduction generate 
SL(m, Z) when n > 6. 
Proof. We proceed by induction on n, the theorem being true when 
n = 5 by Theorem 1. Recall that we have the natural surjection 6 : da + 
SL(n - l,z) gl ‘ven by 6(u, a) = CY and Nn = ker6. Let 9’,, be the sub- 
group of tin generated by x and z. It is clear from the form of z described in 
Section 1 that 6(x) and 6(z) are the elements of SL(n - 1, Z) that are the 
(n - 1) x (n - 1) analogues of x and y. Thus, by induction, 19(x) and 
6(z) generate Sun - 1, Z) and S(Bn) = a&$). It follows that J;s, =MnBn. 
Let tin_ i be the subgroup of SL(n - I, Z) corresponding to tin [so that 
& no 1 consists of all matrices in SL(n - 1, Z) whose (1,l) entry is 1 and (1, j)
entry is 0 for j > 11, and let g,, be the preimage in gn of dn_ i (thus gn is 
the subgroup of B,, that projects onto &m _ i under 6). It is easy to see that 
the preimage of dn_ i in M,, is in the subgroup X consisting of all elements 
of the form 
where a is any integer and L(a) is the 2 X 2 matrix e,,(a), M is any 
n - 2 X 2 matrix with integer entries, and A is any matrix in SL(n - 2, Z). 
As 6(gn) = 6(X) =tin_i andNn ~3, we haveX=H”g,,. 
There is clearly a surjective homomorphism q : 3 + Z which sends the 
general element zdescribed above to the integer a. Thus 59; <X < ker q. 
We also have 
by Lemma 3, since n > 6. It follows that X =J$_@i. We observe next that 
our generator x is in _%? and thus we may write x = gb, where g EN” and 
b EJZL. As x is in B’,,, it is clear that g ENS nBn. We have p(x) = 1 = 
dgb) = p(g) + db) and p(b) = 0, since b E ~31. Thus g is an element of 
Mn nsz?,, with p(g) = 1. Th’ is means that when we write g in the form 
(u, Z), where u E Z”-l, we must have u = [l, I’. As we know that 
.c&‘,,/!~ n ~8’~ is isomorphic to SL(n - 1, Z), it is elementary to see that the 
conjugates of g under the action of 9,, generate the whole of Nn. (This is 
clear from Lemma 2.) Thus, JtT, is contained in a,,, and we deduce that 
B,, = dn. It now follows that the group G generated by x and y contains all 
eij for i > j. We again argue, as in the proof of Theorem 1, that G contains 
the transpose of each of its elements and hence contains all elementary 
matrices. This implies that G = SL(n, Z). n 
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COROLLARY 1. Suppose that n is greater than 1. Then if n is oo?d or 
divisible by 4 and at least 8, SL(n, Z) ’ g as enerated by three involutions. 
Proof. Let t be the involution whose action on the standard generators 
is given by 
for 1 < i < n. We observe that y = txt, and thus it follows from Theorem 2 
that Sun, Z) is generated by x and t when det t = 1, provided n z 4. Now 
det t = 1 when n G 0 mod 4 or n = 1 mod 4. However, if n = 3 mod 4, 
then det( -t) = 1 and then x and -t certainly generate SL(n, Z). Thus it 
suffices to show that x is the product of two involutions in SL(n, Z) under 
the stated conditions on n. Consider the matrix s = sij, where 
sij = (-Q-l ” - l ( I J-1 
for i > j and sij = 0 if i < j (the binomial coefficient is set equal to 1 when 
i = j). We easily check that s is an involution that inverts x. Moreover, 
det s = 1 if n = 0 mod 4 or n = 1 mod 4. Thus if n satisfies either of these 
two congruences, s and sx are two involutions of determinant 1 whose 
product is X. If n = 3 mod 4, we replace s by -s to obtain the same result. 
3. THE GROUP GENERATED BY x AND y WHEN n = 4 
We observed in the introduction that when n = 4, wz(x) and ns( y) 
generate a subgroup isomorphic of A, of index 8 in X(4,2). It follows in this 
case that the subgroup G generated by x and y has index at least 8 in 
SL(4, Z). We intend to show in this section that the index of G is exactly 8 
and moreover that G = m,‘( A,). 
LEMMA 4. When n = 4, the subgroup G generated by x and y contains 
the elementary matrices eij(2) for 1 < i z j < 4. 
Proof. We calculate that (~-lz)~ is equal to the element (u, I) of d4, 
where u = [ -6,O, - 61’. Lemma 2 implies that the subgroup of yd gener- 
ated by the conjugates of this element under the action of the subgroup 
generated by x and z consists of all elements of the form (w, I), where the 
GENERATION OF SL(n, Z> 71 
components of w are arbitrary integers divisible by 6. Thus G contains ej1(6) 
for 2 < i < 4. The proof of Theorem 1 shows that e,&6) E G for i > j. Next, 
we calculate that 
220 66 12 1 
This element is expressible as a product of ebl( - 2) and powers of the e,j(6> 
for i > j. We deduce that e,,(2) is in G. We may now repeat the arguments 
used in the proof of Theorem 1 to obtain the required result. n 
Now it is a consequence of the solution to the congruence subgroup 
problem due to Mennicke and Bass-Lazard-Serre that the subgroup of 
SL(4, Z) generated by the elementary matrices eij(2) for 1 < i f j< 4 is the 
principal congruence subgroup of level 2, which we shall denote by K,. (This 
follows from the statement E,(a) = SL,(a) for any nonzero ideal a of Z, 
given in the first part of the proof of Theorem 4.3.1 of [2].) 
THEOREM 3. The subgroup G of SL(4, Z) generated by x and y when 
n = 4 has index 8 in SL(4, Z) and is the inverse image under rr2 of a 
subgroup isomorphic to A7 in SL(4,2). 
Prooof. K, is the kernel of the homomorphism 7~~ of SL(4, Z) onto 
SL(4,2), and we observed at the beginning of this section that rr,(G) E A7. 
Since we know from Lemma 3 that G contains K,, the theorem is proved. n 
This paper was mainly written during the second-named author’s visit to 
Dublin in 1991. She wishes to thank the Department of Mathematics at 
University College Dublin for their hospitality andjnancial assistance during 
her visit. The authors are also grateful to the referee for an observation that 
simplified and shortened our original approach to the results in Section 3 of 
this paper. 
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